Abstract. In this paper we identify all simply connected 3-dimensional real Lie groups which admit Randers or Matsumoto metrics of Berwald type with a certain underlying left invariant Riemannian metric. Then we give their flag curvatures formulas explicitly.
Introduction
Let M be a smooth n−dimensional manifold and T M be its tangent bundle. A Finsler metric on M is a non-negative function F : T M −→ R which has the following properties:
(1) F is smooth on the slit tangent bundle T M 0 := T M \ {0}, (2) F (x, λy) = λF (x, y) for any x ∈ M , y ∈ T x M and λ > 0, (3) the n × n Hessian matrix [g ij (x, y)] = [ An important family of Finsler metrics is the family of (α, β)−metrics. These metrics are introduced by M. Matsumoto (see [10] ). Two families of interesting and important examples of (α, β)−metrics are Randers metrics α + β, and Matsumoto metrics α 2 α−β , where α(x, y) = g ij (x)y i y j and β(x, y) = b i (x)y i and g and β are a Riemannian metric and a 1-form respectively as follows:
These metrics occur naturally in physical applications. For example, in four-dimensional case, consider the above Randers metric as (1.3) F (x,ẋ) = (g ij (x)ẋ iẋj )
dq and q is a parameter along a curve. Now suppose that g ij (x) is the (pseudo-)Riemannian metric tensor of space-time and
, where e and m 0 are the electric charge and the rest mass of a test particle respectively, c is the light velocity, and A i (x) denotes the electromagnetic vector potential. In this case the expression (1.3) is, up to a constant factor, the Lagrangian function of a test electric charge in the electromagnetic and gravitational fields described by the vector potential A i (x) and the Riemannian metric tensor g ij (x) (see [3] .).
Randers metrics were introduced by G. Randers in 1941 ([11] ) when he was working on general relativity. On the other hand in the Matsumoto metric, the 1-form β = b i dx i was originally to be induced by earths gravity (see [2] or [9] .).
It has been shown that α + β (and in a similar way α 2 α−β ) is a Finsler metric if and only if
is the inverse matrix of [g ij (x)] (for more details see [1] and [5] ). The Riemannian metric g induces an inner product on any cotangent space T * x M such that < dx i (x), dx j (x) >= g ij (x). The induced inner product on T * x M induces a linear isomorphism between T * x M and T x M (see [6] .). Then the 1-form β corresponds to a vector fieldX on M such that g(y,X(x)) = β(x, y).
Therefore we can write the Randers and Matsumoto metrics as follows:
One of geometric quantities which can be used in classification of Finsler metrics is flag curvature. This quantity is a generalization of the concept of sectional curvature in Riemannian geometry. Flag curvature is computed by the following formula:
Y and ∇ is the Chern connection induced by F (see [4] and [15] .).
A Riemannian Metric g on the Lie group G is called left invariant if
where e is the unit element of G. Similar to the Riemannian case, a Finsler metric is called left invariant if
In our previous paper ( [14] ) we studied invariant Matsumoto metrics on homogeneous spaces and gave the flag curvature formula of them. In this paper we identify all simply connected 3-dimensional real Lie groups which admit Randers or Matsumoto metrics of Berwald type with a certain underlying left invariant Riemannian metric. Then we give their flag curvatures formulas explicitly.
Left invariant Randers and Matsumoto metrics of Berwald type on 3-dimensional Lie groups
The following proposition gives a method for constructing left invariant Randers or Matsumoto metrics on Lie groups.
Proposition 2.1. Let <, > be any left invariant Riemannian metric on a Lie group G. A function F of the form (1.6) or (1.7) is a left invariant Finsler metric (Randers or Matsumoto metric, respectively) if and only if the vector fieldX is a left invariant vector field and, X (x)
Proof. With attention to proposition 3.6 of [13] , it is clear. 
where ν > 0,
Proof. We consider the classification of simply connected 3-dimensional real Lie groups given in [8] . Then, by some computations, we can compute the Levi-Civita connection of each case with respect to the base {x, y, z} as table (1), where for case 15 we assumed that
We know that (see [4] and [2] .) a Randers or Matsumoto metric is of Berwald type if and only if the vector fieldX (considered in (1.6) and (1.7)) is parallel with respect to the Levi-Civita connection of the Riemannian metric g and, X α < 1 (for Randers metric) or X α < 1 2 (for Matsumoto metric). Therefore it is sufficient to find the cases which admit a parallel left invariant vector fieldX between these 15 cases. We can see in case 1 every left invariant vector fieldX is parallel with respect to the Levi-Civita connection of g, so for any left invariant vector fieldX with X α < 1 we have a Randers metric (and with X α < 1 2 a Matsumoto metric). By a direct computation and using table (1) in case 5, G admits such left invariant vector fieldX if and only if µ = 1. In this case the left invariant vector fields of the form X = pz, p ∈ R, are parallel with respect to the Levi-Civita connection of g. Therefore, in Randers case, it is sufficient to consider X α = g(pz, pz) = |p| √ ν < 1 or |p| < 
The solvable Lie group Sol
The solvable Lie group E 0 (2)
The simple Lie group P SL(2, R)
The simple Lie group SU (2)
The nonunimodular Lie group Gc
The nonunimodular Lie group Gc . In case 11 the Lie group G admits a family of left invariant vector fields of the formX = −2px+py, p ∈ R, which are parallel with respect to the Levi-Civita connection of g. Therefore, in this case, for constructing Randers metrics of Berwald type it is sufficient to let X α = g(−2px + py, −2px + py) = √ 3|p| < 1 or |p| < Therefore it is sufficient to compute the flag curvature of Randers and Matsumoto metrics of case (iii).
Theorem 2.4. Let F = α + β be the left invariant Randers metric derived from case (iii) of theorem (2.2) . Suppose that {U = ax + by + cz, V =ãx +by +cz} is an orthonormal set with respect to g. Then the flag curvature K(P, U ) of the flag (P = span{U, V }, U ) is given by (2.4) K(P, U ) = −4( c(ã + 2b) −c(a + 2b) 3pa − 2 ) 2 .
Therefore F is of non-positive flag curvature.
Proof. F is of Berwald type so the curvature tensors of g and F coincide. By using table (1) we can compute the curvature tensor as follows 
